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Elastomers show a signiﬁcant dependence on predeformation and frequency when they are loaded with
large static predeformations superimposed by harmonic deformations of small amplitude. In order to
investigate this predeformation- and frequency-dependent material behaviour some quasi-static and
dynamic experiments are carried out. Based on the experimental facts and further approaches of Haupt
and Lion (2002) and Lion et al. (2009), a recently developed constitutive model of ﬁnite viscoelasticity is
extended to take the dependence on the predeformation of storage- and loss-modulus into account. In
terms of computation efﬁciency, we make use of a formulation in the frequency domain. Therefore the
constitutive equations are geometrically linearised in the neighbourhood of the predeformation and eval-
uated in frequency domain. Finally the constitutive model is formulated for incompressible materials and
the dynamic modulus tensors are derived. Additionally the process of parameter identiﬁcation and some
ﬁrst numerical simulation results will be shown.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
The mentioned loadcase of large static predeformation super-
imposed by small harmonic vibrations can be found in many appli-
cations, e.g. engine mounts and automotive tires. Taking engine
mounts into account the large static predeformation is caused by
the weight of the engine and will be superimposed by small har-
monic vibrations typically reaching up to 10 kHz when the engine
is running. Due to the typical application area of engine mounts,
the material behaviour of elastomers below the glass transition is
not relevant. The glass transition is reached when the tempera-
ture-dependent relaxation times of the elastomer are comparable
with the time scale of the mechanical excitation. Below the glass
transition, the stiffness of elastomers increases over several orders
of magnitude. Due to changes in material stiffness and damping ef-
fects as a function of predeformation and frequency the mentioned
loadcase will cause vibrations and noise, especially at frequencies
where resonsance and inertia effects occur. Since high driving
comfort is a very important topic in modern car industry it is of
great importance to reduce generated vibrations and noise.
Therefore it is straight forward to make use of simulations in thell rights reserved.
9 (D. Wollscheid), +49 (0) 89
(D. Wollscheid), alexander.frequency domain to reduce experimental testing, time and costs.
In order to improve the mechanical properties of rubber-like mate-
rials, the industry mostly uses ﬁller particles like silica or carbon
black (Guy and Daudey, 2009; Kohls, 2006; Mihara, 2009). These
particles lead to additional cross-links which allow to change the
material behaviour of the ﬁnal product, e.g. higher stiffness and
crack-resistance or better adhesion behaviour of tires. To examine
the dynamic material behaviour of ﬁller-reinforced rubber it is
straight forward to make use of the Dynamical Mechanical Analy-
sis (DMA). The material is loaded with an oscillating elongation
and its response is analysed in form of the force signal (Menard,
1999). In experimental investigations ﬁller-reinforced rubber
shows lots of nonlinear effects. One of these nonlinearities is the
pronounced dependence of the material behaviour on the dynamic
strain amplitude, which is often mentioned as the Payne-effect
(Payne, 1962). It can be described as a reversible softening with
increasing dynamic strain amplitude which ﬁnally leads to a
decrease in the storage-modulus. As a possible interpretation of
this amplitude-dependent softening Lion (2006) and Lion and
Kardelky (2004) assume that the effect is related to ﬁller-ﬁller
and ﬁller-rubber interaction and can be described through break-
age- and recovery-effects of the network during cyclic loading. De-
tailed investigations and discussions of the Payne effect can be
found in several works of e.g. Dutta and Tripathi (1992), Höfer
and Lion (2009), Sjöberg and Kari (2003), Lion (2000), Lion and
Kardelky (2004) or Payne (1961) and Payne (1962). Additionally,
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dependence of the Payne effect by pretraining the specimen at cer-
tain strain amplitudes. By training the specimen with a special
loading history they observed a reduction in the loss-modulus at
a certain strain amplitude which they called hole-burning. More
complex experiments with bimodal excitations were done by
Rendek and Lion (2010) or Wrana et al. (2003). On the side of con-
stitutive modelling of the amplitude-dependence one can ﬁnd a lot
of different approaches. A well known approach is the microme-
chanical model of Kraus (Kraus, 1966). It is only available in the
frequency-domain and focused on the amplitude-dependent
behaviour of the rubber-ﬁller microstructure by taking destruction
and reorganisation rates into account. Another approach which is
available in the time- and the frequency-domain is the concept
of fractional derivates which was applied e.g. by Lion and Kardelky
(2004). A linearised version of Simo’s model with focus on ampli-
tude-dependent dynamic modulus and simulations in frequency-
domain can be found in works of Höfer (2007) and Höfer and Lion
(2009). Frequency-domain formulations using fractional derivates
are published e.g. in works of Sjöberg and Kari (2002) and Sjöberg
and Kari (2003). Höfer (2007), Höfer and Lion (2009) and Rendek
and Lion (2009) use a formulation with process dependent viscos-
ities which is available in the time- and the frequency-domain.
Since our work is focused on the predeformation- and frequency-
dependent material behaviour in the vibrational range with dy-
namic strain amplitudes smaller than 0.1% we do not take ampli-
tude-dependence into account. Another well known softening
effect is the Mullins effect (Büche, 1961; Mullins, 1948). It can be
described as a stress-softening of especially virgin elastomers
which occurs in the ﬁrst loading cycle. The effect depends on the
maximum value of strain in the history and will occur again if
the material is loaded with strains that are higher than those in
the past. In contrast to the Payne effect, the Mullins effect is irre-
versible at room temperature and occurs at ﬁlled and unﬁlled elas-
tomers. Detailed investigations and constitutive approaches can be
found in several articles, e.g. of Govindjee and Simo (1991), Ihle-
mann (2005), Kaliske and Rothert (1998), Lion (1996), Marckmann
et al. (2002), Miehe (1995), Simo (1987) or Mullins (1969). Since
engine mounts of passenger cars are dynamically deformed in
three spatial dimensions, the softening during the ﬁrst few cycles
is not relevant for its vibroacoustic response behaviour. In the cur-
rent study it is assumed, that the elastomer is in a stationary state
with regards to the Mullins effect so that stress-softening is not ta-
ken into account. Therefore all specimen will be preconditioned
before testing so that we can exclude the Mullins effect. In the pro-
cess of preconditioning the specimen will be loaded with strain
amplitudes which are greater than those which occur in the fol-
lowing experimental tests. The material nonlinearitiy we are fo-
cused on, is the pronounced dependence of ﬁller reinforced
rubber on the predeformation and the frequency. Detailed investi-
gations and constitutive modelling was done e.g. in the works of
Lion et al. (2009), Kari (2003) or Suwannachit and Nackenhorst
(2010). In the case of frequency-dependence an increase in the
material’s stiffness (storage-modulus) and damping (loss-modu-
lus) with increasing frequency can be observed. Lion et al. (2009)
found in their work that higher predeformations lead to a decrease
in the material’s stiffness and damping whereas Kim and Youn
(2001) observed are more complicated behaviour. Furthermore
there are several papers which deal with preload- and/or fre-
quency-dependence of ﬁller-reinforced rubber (Tárrago et al.,
2005; Sjöberg and Kari, 2002; Sjöberg and Kari, 2003).
In order to simulate the predeformation and frequency-depen-
dent material behaviour in a wide frequency range up to 10 kHz we
will ﬁrst reveal some quasi-static and dynamic experiments to
investigate the predeformation- and frequency-dependence of a
carbon-black ﬁlled SBR with 20 phr of ﬁller particles. Thequasi-static experiments are focused on the equilibrium stress
where the dynamic experiments are used to determine the dy-
namic material behaviour with respect to predeformation- and fre-
quency-dependence. Based on the experimental facts we develop a
constitutive approach that is able to describe the predeformation-
and frequency-dependent behaviour with respect to the storage-
and the loss-modulus. Since the strain-amplitudes of interest are
smaller than 103, amplitude-dependent effects like the Payne-ef-
fect will not be taken into account. The constitutive approach is
based on a further model of Lion et al. (2009) and will be extended
by deformation-dependent stiffnesses to describe the predeforma-
tion-dependence of the storage- and the loss-modulus. It should be
remarked here, that classical approaches of ﬁnite viscoelasticity
which are deﬁned by a relation of nonlinear elasticity in combina-
tion with a series of Maxwell-elements formulated using the mul-
tiplicative elastic-inelastic split of the deformation gradient can
not describe the dependence of the loss-modulus on the predefor-
mation. In order to make the nonlinear constitutive equations
applicable for the frequency-domain they will ﬁrst be geometri-
cally linearised in the neighbourhood of the predeformation as also
done by Haupt and Lion (2002) and Lion et al. (2009). After that we
refer to an ansatz of Haupt (2000) and transform the linear consti-
tutive equations into the frequency-domain. A method to imple-
ment such a frequency-domain formulation into Finite Element
software is provided by the work of Morman and Nagtegaal
(1983) using so-called Phi-functions. Besides experimental investi-
gations and constitutive modelling, we will present the process of
parameter identiﬁcation and some numerical simulation results to
reveal the performance of the constitutive model.2. Static experiments
The experimental investigations are focused on the predefor-
mation- and frequency-dependent behaviour of a carbon-black
SBR with 20 phr of ﬁller particles and a shore hardness of 50. For
a closer investigation of the predeformation-dependent material
behaviour some quasi-static experiments are carried out. To ex-
clude the Mullins-effect, which is known as a stress softening of
virgin material in the ﬁrst loading cycle (Büche, 1961; Mullins,
1948; Mullins, 1969), the specimens are preconditioned before
testing. Focusing on the equilibrium or basic stress response we
make use of multistep experiments at different strains with hold-
ing times of one hour. The loading process and the resulting stress
response over time are shown in Fig. 1 for the uniaxial tension
mode. Taking the great amount of different loading states in reality
into account, we use three different deformation modes including
uniaxial tension up to 80% strain, compression up to 30% strain and
pure shear up to 60% strain. Taking a closer look on the stress re-
sponse of the material shown in Fig. 1 we can see, that correspond-
ing loading and unloading paths show different relaxation
behaviour. In order to determine the equilibrium stress, we calcu-
late the tangent vectors of the corresponding relaxation curves un-
der loading and unloading during the last ﬁve minutes and
calculate the intersection point. This method is a reproducible
technique to determine the equilibrium stress. The results for the
basic elasticity of all three deformation modes are plotted in
Fig. 2 as a function of the stretch.3. Dynamic experiments
In order to investigate the predeformation- and frequency-
dependent material behaviour under snall dynamic excitations
we make use of DMA tests (Dynamic Mechanical Analysis). The
loading process consists of a large static predeformation e0 and a
superimposed harmonic excitation of small amplitude De
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Fig. 1. Stepwise loading process with holding times (left) and resulting stress response (right).
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Fig. 2. Measured points of basic elasticity (equilibrium stress) for uniaxial tension,
compression and pure shear.
Fig. 3. Dynamic loadcase: large predeformation superimposed with harmonic
excitation of small strain.
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Fig. 4. Amplitude-dependence of storage- and loss-modulus to consider the
occuring of Payne effect.
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wherex is the angular frequency (Fig. 3). In this ﬁgure, L0 and A0 de-
note the length and the surface area of the undeformed specimen, Ls
and As are related to the statically predeformed specimen and Ld and
Ad describe the geometry of the dynamically loaded specimen. Like
before all specimens are preconditioned to avoid the Mullins-effect.
Furthermorewehave to avoid a second softening effect, the so-called
Payne-effect (Payne, 1962). It is an amplitude-dependent stress-soft-
ening effect which leads to a decrease in the storage-modulus for
higher dynamic strain amplitude and a maximum of the loss-modu-
lus at middle strains. If the amplitude-dependence of the material
should be taken into account, the reader is refered to Höfer and Lion
(2009) or Lion and Kardelky (2004). In order to determine the maxi-
mum amount of dynamic strain without any amplitude-dependence
we apply amplitude-sweep tests. The specimen is loadedwith a con-
stant static predeformation of 10% and superimposed by stepwise
changing harmonic amplitudes from 0,01% dynamic strain up to
10% dynamic strain at a constant frequency of 10 Hz. The results
are plotted in Fig. 4 and reveal a nearly constant storage- and loss-
modulus at small dynamic strains. Thus we assume that the investi-
gated material exhibits no amplitude-dependent stress-softeninguntil 1% dynamic strain. A similar limitation was also observed by
Lion et al. (2009). It should be remarked, that this limit of linearity
depends on the composition of the elastomer. In general, higher
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Fig. 5. Temperature-dependence of storage-modulus (left) and generated mastercurve (right).
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strains. In the case of unﬁlled elastomers, no amplitude-dependence
occurs (Payne, 1962). To consider the frequency-dependent material
behaviour, frequency-sweeps tests with stepwise changing fre-
quency from 0.5 Hz up to 50 Hz at constant predeformation and con-
stant dynamic strain amplitude are used. The range of investigated
predeformations is up to 40% in uniaxial tension mode and up to
20% in compression mode. The dynamic strain amplitude is set to
0.1% such that the Payne-effect can be neglected. In order to extend
the frequency range, wemake use of temperature-frequency shifting
techniques and generate a mastercurve. Therefore we have to inves-
tigate the temperature-dependence of storage- and loss-modulus by
doing the measurement at different temperatures. Since we are
focused on the application of engine mounts we are not interested
in the material behaviour below the transition temperature so that
the measuring temperature is varied between 30 C and 50 C and
the reference temperature for the shifting process is set to 20 C.
On the basis of these conditions, we are able to shift the measured
curves on the logarithmically scaled frequency axis in horizontal
direction to generate the mastercurve. To visualize the shifting
process, themeasurements of storage-modulus for a predeformation
of 10% at different temperatures and the generated mastercurve areshown in Fig. 5. More detailed information about the shifting tech-
nique can be found e.g. in works of Klompen and Govaert (1999),
Klüppel (2008) or Schwarzl and Zahradnik (1980). As said before,
the predeformation-dependent material behaviour is investigated
by performing these measurements at different predeformations of
10% and 20% of strain in compression mode and 10%, 20%, 30% and
40% of strain in tension mode. In Fig. 6, the predeformation- and fre-
quency-dependence of the investigated carbon-black ﬁlled rubber
can be seen. Storage- and loss-modulus show the same behaviour
in the way, that higher frequencies lead to greater modulus and a
higher predeformation results in lower modulus. In the case of tech-
nical applications, for example if one and the same engine mount
should be used to support heavier or lighter engines, these effects
lead to shiftings in the eigen frequencies and the damping behaviour
of the structure.4. Constitutive approach
The developed constitutive approach of ﬁnite viscoelasticity is
focused to represent the predeformation- and frequency-depen-
dent material behaviour of ﬁller-reinforced rubber with respect
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continuummechanics and material modelling the reader is refered
to Haupt (2000) or Holzapfel (2000). The basis of the constitutive
approach is the proposed model of Lion et al. (2009) and will be
modiﬁed to represent the frequency- and predeformation-depen-
dent behaviour of both moduli by using a deformation-dependent
relaxation function. In the approaches developed by Lion et al.
(2009) and by Höfer and Lion (2009), the predeformation-depen-
dence of the dynamic moduli was not in the center of the studies.
In both models, only the storage modulus depends on the predefor-
mation but the loss modulus exhibits no dependence on it. Rendek
(2010) studied the model developed by Simo and Huges (2000). In
this model both moduli exibit the same dependence on the prede-
formation (cf. Suwannachit and Nackenhorst, 2010 for details). As
motivated by the experimental observations in the last section, it is
the aim of the current paper to develop a consistent approach in
which both dynamic moduli exhibit a different dependence on
the predeformation. The constitutive model is formulated in the
time domain and the dynamic moduli are calculated by geometri-
cal linearisation in the vicinity of the static predeformation. In or-
der to formulate the free energy function we make use of a double
decomposition of the deformation gradient FðtÞ. Taking ﬁnite
strains into account, the deformation gradient is ﬁrstly multiplica-
tively decomposed into an isochoric part F^ðtÞ and a volumetric part
FðtÞ
FðtÞ ¼ FðtÞF^ðtÞ with FðtÞ ¼ J13ðtÞ1 and F^ðtÞ ¼ J13FðtÞ: ð2Þ
Since we assume incompressible material behaviour, the Jacobian
determinante J is equal to 1 such that there are no changes in vol-
ume. Based on the isochoric deformation gradient F^ðtÞwe introduce
the isochoric Right Cauchy Green tensor C^ðtÞ and the isochoric Piola
strain tensor e^ðtÞ
C^ðtÞ ¼ F^TðtÞF^ðtÞ; e^ðtÞ ¼ 1
2
ðC^1ðtÞ  1Þ: ð3Þ
The isochoric part of the deformation gradient is multiplicatively
decomposed in the time-domain, such that we get the relative iso-
choric deformation gradient
F^tðsÞ ¼ F^ðsÞF^1ðtÞ f€ur 0 6 s 6 t: ð4Þ
It maps tangent vectors of the current isochoric conﬁguration at the
time t to a previous isochoric conﬁguration at the time s. The intro-
duced time-relative decomposition leads to the relative isochoric
Right Cauchy Green tensor C^tðsÞ and the relative isochoric Piola
strain tensor e^tðsÞ
C^tðsÞ ¼ F^TðtÞC^ðsÞF^1ðtÞ;
e^tðsÞ ¼ F^ðtÞðe^ðsÞ  e^ðtÞÞF^TðtÞ:
ð5Þ
Based on the mentioned fundamentals, the free energy function of
ﬁnite viscoelasticity is formulated as the sum of an equilibrium part
WeqðCðtÞÞ coming from the nonlinear elastic material behaviour and
an overstress part WovðtÞ resulting from the inelastic material
behaviour
WðtÞ ¼ WeqðCðtÞÞ þWovðtÞ: ð6Þ
The equilibrium part WeqðCðtÞÞ is a function of the Right Cauchy
Green tensor and the overstress part WovðtÞ is a rate-dependent
functional of the history of the isochoric Piola strain tensor e^tðsÞ
WovðtÞ ¼ 
Z t
1
Gðt  s; C^ðtÞÞ d
ds
trðe^tðsÞÞds: ð7Þ
To describe the predeformation-dependence of the storage- and
loss-modulus we extend the approach of Lion et al. (2009) and
introduce a deformation-dependent relaxation functionGðt  s; C^ðtÞÞ which is deﬁned as a sum of exponentials with defor-
mation-dependent moduli lkðC^ðtÞÞ and relaxation times zk
Gðt  s; C^ðtÞÞ ¼
Xn
k¼1
lkðC^ðtÞÞe
ts
zk : ð8Þ
In principle it is also possible to introduce deformation-dependent
relaxation times zkðC^ðtÞÞ. This extension is not performed in this
article, because the dependence of lkðC^ðtÞÞ is sufﬁcient to describe
the experimental data of the investigated material. To calculate the
material time derivative of the free energy function, we need the
following relations
e^tðtÞ ¼ 0;
d
ds
e^tðsÞ ¼ F^ðtÞ dds e^ðsÞ
 
F^TðtÞ ¼ F^ðtÞe^0ðsÞF^TðtÞ;
d
ds
trðe^tðsÞÞ ¼ tr dds e^tðsÞ
 
¼ e^0ðsÞ  C^ðtÞ;
_^epðtÞ  C^ðtÞ ¼ 0;
e^0ðsÞ  _^CðtÞ ¼ e^0ðsÞ  ðdetCðtÞÞ13CðtÞ
 
¼ ðdetCðtÞÞ13 1
4
 1
3
C1ðtÞ  CðtÞ
 
 e^0ðsÞ
 
 _CðtÞ
¼ P
4
ðtÞ  e^0ðsÞ
 
 _CðtÞ;
@Gðt  s; C^ðtÞÞ
@C^ðtÞ
 _^CðtÞ ¼ P
4
ðtÞ  @Gðt  s; C^ðtÞÞ
@C^ðtÞ
 !
 _CðtÞ
ð9Þ
in which P
4
ðtÞ is a projection tensor of fourth order. Since the relax-
ation function decreases to zero for large times, its time derivative
posseses the following property:
lim
ðtsÞ!1
@Gðt  s; C^ðtÞÞ
@t
¼ 0: ð10Þ
Note that in this equation, C^ðtÞ is assumed to be constant and will
not be differentiated. Based on Eqs. (9) and (10) the time derivative
of the free energy function reads as
_WðtÞ ¼ @WeqðCðtÞÞ
@CðtÞ 
_CðtÞ 
Z t
1
Gðt  s; C^ðtÞÞP
4
 e^0ðsÞds
 
 _CðtÞ

Z t
1
P
4
 @Gðt  s; C^ðtÞÞ
@C^ðtÞ
e^0ðsÞ  C^ðtÞds
" #
 _CðtÞ

Z t
1
@2Gðt  s; C^ðtÞÞ
@s2
trðe^tðsÞÞds: ð11Þ
Inserting this result into the Clausius–Duhem inequality
~TðtÞ  _EðtÞ  qR _WðtÞP 0; ð12Þ
the standard evaluation ﬁnally leads to the Second Piola Kirchhoff
stress tensor
~TðtÞ ¼ ~TeqðtÞ þ ~TovðtÞ ¼ 2 @WeqðCðtÞÞ
@CðtÞ  2
Z t
1
Gðt  s; C^ðtÞÞP
4
 e^0ðsÞds
 2
Z t
1
P
4
 @Gðt  s; C^ðtÞÞ
@C^ðtÞ
e^0ðsÞ  C^ðtÞds: ð13Þ
The remaining residual inequality reads asZ t
1
@2Gðt  s; C^ðtÞÞ
@s2
trðe^tðsÞÞdsP 0: ð14Þ
Like it was already proven by Haupt and Lion (2002) the residual
inequality is satisﬁed for arbitrary deformations because
trðe^tðsÞÞP 0 holds.
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To evaluate the constitutive equations for small harmonic
deformations in the frequncy-domain, the model will ﬁrst be line-
arised in the neighbourhood of the static predeformation F0. Refer-
ing to Lion et al. (2008) and Lion et al. (2009) we deﬁne
FðtÞ ¼ fðtÞF0 with fðtÞ ¼ 1þ hðtÞ and jjhjj 6 1; ð15Þ
where hðtÞ describes the incremental displacement around the sta-
tic predeformation. From this on, the linearisation of the trans-
posed, the inverse and the inverse transposed of the deformation
gradient read as
FT ¼ FT0ð1þ hTÞ; F1 ¼ F10 ð1 hÞ; FT ¼ ð1 hTÞFT0 : ð16Þ
Additionally, we introduce the incremental strain tensor and its
deviatoric part
Elin ¼ 12 hþ h
T
 
;
EDlin ¼ Elin 
1
3
trðElinÞ1:
ð17Þ
Based on these deﬁnitions, we can calculate the following
approximations
C ¼ C0 þ 2FT0 Elin F0; C1 ¼ C10  2F10 ElinFT0 ;
ðdetCÞa ¼ ðdetC0Það1þ 2atrðElinÞÞ;
C^ ¼ C^0 þ 2F^T0 EDlin F^0; _^C ¼ 2F^T0 _EDlin F^0;
e^ ¼ e^0  F^10 EDlin F^T0 ; _^e ¼ F^10 _EDlin F^T0 :
ð18Þ
After some calculation, the fourth order projection tensor can be
approximated as
P
4
¼ ðdetC0Þ
1
3 1
4
 1
3
C10  C0
 
¼ P
4
0: ð19Þ
Since we are interested in the linearisation of the constitutive mod-
el, it is sufﬁcient to calculate the constant contribution. The linear-
isation of P
4
would lead to quadratic terms in the stress response,
which are neglected in our approximation. The second fourth order
projection tensor is deﬁned as
R
4
0 ¼ C10  C10
 T23
 1
3
C10  C10
 
ð20Þ
and allows to transform the constitutive equations back to the pre-
deformed conﬁguration
P
4
0  F^10 E0DlinðsÞF^T0
 
¼ R
4
0  FT0E0linðsÞF0
 
: ð21Þ
Considering these equations, we obtain the linearised version of the
Second Piola Kirchhoff stress tensor
~TlinðtÞ ¼ 2@WeqðCðtÞÞ
@CðtÞ

C0
þ 2@
2WeqðCðtÞÞ
@C2ðtÞ

C0
 2FT0 Elin F0
 
þ R
4
0 2
Xn
k¼1
Z t
1
lkðC^0ÞFT0 E0linðsÞF0e
ts
zk ds
 !
: ð22Þ
The ﬁrst term is the equilibrium stress deﬁned by the static prede-
formation C0, the second term is the equilibrium stress resulting
from the dynamic excitation around the predeformation and the
third term is the linear approximation of the viscoelastic overstress.
4.2. Dynamic modulus tensor
To calculate the dynamic modulus tensor, the constitutive
equations will be evaluated in the frequency-domain. For this pur-
pose we assume the static predeformation F0 to be constant in timeand evaluate the linearised constitutive model for incremental har-
monic deformations
ElinðtÞ ¼ DElineixt ; ð23Þ
with the amplitude of excitation DElin and the angular frequency x.
After inserting this relation into the third term of the Second Piola
Kirchhoff stress tensor, we ﬁnally reach the stationary solution for
large timesZ t
1
lkðC^0ÞFT0 E0linðsÞF0e
ts
zk ds ¼ 2ixlkðC^0Þð1þ ixzkÞ F
T
0DElin F0e
ixt : ð24Þ
Taking this solution into account, we obtain the Second Piola Kirch-
hoff stress tensor for small harmonic displacements around the pre-
deformed state
~Tðx; tÞ ¼ 2@WeqðCÞ
@C

C0
þ 4@
2WeqðCÞ
@C2

C0
þ
Xn
k¼1
2ixlkðC^0Þ
ð1þ ixzkÞ R
4
0
0@ 1AFT0DElin F0eixt : ð25Þ4.3. Incompressibility
To formulate the constitutive model for incompressible mate-
rial behaviour we introduce the constitutively undetermined pres-
sure p which is deﬁned by the sum of a static pressure part p0
coming from the static predeformation and a dynamic pressure
part Dp resulting from the small harmonic displacements
p ¼ p0 þ Dp: ð26Þ
Expanding the Clausius–Duhem inequality by the pressure term p
pC1 þ ~TðtÞ
 
 _EðtÞ  qR _WðtÞP 0 ð27Þ
leads after some calculation to the ﬁnal version of the Second Pioala
Kirchhoff stress tensor
~T ¼ p0C10 þ 2
@WeqðCÞ
@C

C0
 DpC10
þ 2p0R
4
0 þ 4@
2WeqðCÞ
@C2

C0
þ
Xn
k¼1
2ixlkðC^0Þ
ð1þ ixzkÞ R
4
0
0@ 1AFT0DElin F0eixt :
ð28Þ
The dynamic modulus tensor of fourth order reads as
G
4
ðxÞ ¼ 2p0R
4
0 þ 4@
2WeqðCÞ
@C2

C0
þ
Xn
k¼1
2ixlkðC^0Þ
ð1þ ixzkÞ R
4
0: ð29Þ
In the case of incompressibility we have trðDElinÞ ¼ 0 such that the
term in (20) 13C
1
0  C10 can be omitted
C10  C10 FT0DElin F0 ¼ C10  ðFT0DElin F0ÞC10 ¼ trðDElinÞC10
¼ 0 ð30Þ
and the fourth order projection tensor changes to
R
4
0 ¼ C10  C10
 T23
: ð31Þ
A way to implement this equation into Finite Element software in
the frequency domain by using so called Phi-functions can be found
in the paper of Morman and Nagtegaal (1983).
5. Parameter identiﬁcation
The process of parameter identiﬁcation includes the identiﬁca-
tion of the static and the dynamic parameters and is based on an
error minimisation between the experimental and the numerical
data
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Fig. 7. Simulation of basic elasticity.
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To this end, standard identiﬁcation tools were used, which are
implemented in the mathematical software MATLAB. Considering
later FEM implementation in the software MSC Marc we have the
possibility of using a classical Mooney-ansatz with ﬁve material
parameters C10;C20;C30;C11 and C01 for the equilibrium part of the
free energy function
WeqðCÞ ¼ C10ðIC  3Þ þ C20ðIC  3Þ2 þ C30ðIC  3Þ3
þ C11ðIC  3ÞðIIC  3Þ þ C01ðIIC  3Þ ð33Þ
in which IC and IIC are the ﬁrst and second invariants of the Right
Cauchy Green tensor. Refering to the experimental results of the
materials’ equilibrium response in uniaxial tension, compression
and pure shear (Fig. 2) we only make use of the linear parts of the
free energy function with the parameters C10 and C01. The other
ones are set constant to zero for the identiﬁcation process. Based
on the Second Piola Kirchhoff stress tensor the process of parameter
identiﬁcation is separated into the identiﬁcation of the static part
~T0 ¼ p0C10 þ 2
@WeqðCÞ
@C

C0
ð34Þ
and the identiﬁcation of the dynamic part
D~T¼DpC10 þ 2p0R
4
0 þ4@
2WeqðCÞ
@C2

C0
þ
Xn
k¼1
2ixlkðC^0Þ
ð1þ ixzkÞ R
4
0
0@ 1AFT0DElin F0eixt : ð35Þ5.1. Static part
To identify the static part, we need the ﬁrst derivative of the
equilibrium part of the free energy function which reads after
some calculation as
@Weq
@C
¼ @Weq
@IC
@IC
@C
þ @Weq
@IIC
@IIC
@C
¼ C10 þ 2C20ðIC  3Þ þ 3C30ðIC  3Þ2 þ C11ðIIC  3Þ
h i
1
þ C11ðIC  3Þ þ C01½ ðIC1 CÞ
¼ C10 þ 2C20ðIC  3Þ½
þ 3C30ðIC  3Þ2 þ C11ðIIC  3Þ þ C11ðI2C  3ICÞ þ C01IC
i
1
 C11ðIC  3Þ þ C01½ C: ð36Þ
For uniaxial tension and compression of incompressible materials,
the deformation gradient and the Right Cauchy Green tensor read as
F ¼
k 0 0
0 1ﬃﬃ
k
p 0
0 0 1ﬃﬃ
k
p
264
375; C ¼ FTF ¼ k
2 0 0
0 1k 0
0 0 1k
264
375; ð37Þ
where k is the stretch. Inserting Eqs. (36) and (37) into Eq. (34) and
taking the boundary condition eT 0;22 ¼ 0 into account, we obtain the
one dimensional stress–strain relation under uniaxial tension and
compression
eT 0;11 ¼2 C10 þ 2C20ðIC  3Þ þ 3C30ðIC  3Þ2 þ C11ðIIC  3Þh
þC11ðI2C  3ICÞ þ C01IC
i
1 1
k3
 
 2 C11ðIC  3Þ þ C01½  k2  1
k4
 
: ð38Þ
In the case of pure shear the procedure is similar. The deformation
gradient and the Right Cauchy Green tensor are deﬁned asF ¼
k 0 0
0 1k 0
0 0 1
264
375; C ¼ k
2 0 0
0 1
k2
0
0 0 1
264
375; ð39Þ
which ﬁnally leads to the one dimensional stress–strain relation un-
der pure shear
eT 0;11 ¼2 C10 þ 2C20ðIC  3Þ þ 3C30ðIC  3Þ2 þ C11ðIIC  3Þh
þC11ðI2C  3ICÞ þ C01IC
i
1 1
k4
 
 2 C11ðIC  3Þ þ C01½  k2  1
k6
 
: ð40Þ5.2. Dynamic part
In order to identify the dynamic material parameters for the
tension- and compression-mode, we need the second derivative
of the equilibrium part of the free energy function, which reads
after some calculation as
@2Weq
@C
¼ 2C20 þ 6C30ðIC  3Þ þ C11ð3IC  3Þ þ C01½ |ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
A1
ð1 1Þ
 2C11|ﬄ{zﬄ}
A2
ðC 1Þ  C11ðIC  3Þ þ C01½ |ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
A3
ð1 1ÞT23: ð41Þ
Additionally, we need the following relations
DElin ¼ 12 ðhþ h
TÞ ¼ ed
1 0 0
0  12 0
0 0  12
264
375; ð42Þ
ðFT0DElin F0Þ ¼ ed
k0 0 0
0  12k0 0
0 0  12k0
264
375; ð43Þ
R
4
0ðFT0DElin F0Þ ¼ ed
1
k20
0 0
0  k02 0
0 0  k02
2664
3775 ð44Þ
with the the dynamic strain amplitude of harmonic excitation ed.
After inserting the second derivate (41) into Eq. (35) and using
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Fig. 8. Simulation of predeformation- and frequency-dependence of storage-modulus (left) and loss-modulus (right).
Table 1
Identiﬁed static material parameters.
C10 C20 C30 C11 C01
0.25076 MPa 0 MPa 0 MPa 0 MPa 0.027388 MPa
Table 2
Identiﬁed dynamic material parameters.
k l0;k zk ak
1 65.0150 MPa 3.1093e07 s 0.2342
2 3.7737 MPa 9.3373e6 s 0.0136
3 1.0208 MPa 9.9637e5 s 0.0903
4 0.4516 MPa 9.7021e4 s 0.3518
5 0.3038 MPa 0.0065 s 0.2687
6 0.2328 MPa 0.0482 s 0.0751
7 0.1936 MPa 0.3139 s 0.1521
8 0.1636 MPa 1.8840 s 0.3551
9 0.1509 MPa 15.6549 s 0.0788
10 0.3461 MPa 613.3608 s 0.8343
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direction reads as1
DeT 11 ¼ed 3
k20
p0 þ 4 A1 k20 
2
k0
þ 1
k40
 !
 A2 k40  k0 
1
k20
þ 1
k40
 !"(
A3 k20 
1
2k40
 !#
þ 3
k20
Xn
k¼1
ixlkðC^0Þ
ð1þ ixzkÞ
)
: ð45Þ
As we want to identify storage- and loss-modulus, we will divide
Eq. (45) by ed and separate the real and imaginary parts. This leads
after some calculations to the desired equations for the storage- and
loss-modulus
G0ðxÞ ¼ 3
k20
p0
þ 4 A1 k20 
2
k0
þ 1
k40
 !
 A2 k40  k0 
1
k20
þ 1
k40
 !
 A3 k20 
1
2k40
 !" #
þ 3
k20
Xn
k¼1
lkðC^0Þ
ðxzkÞ2
1þ ðxzkÞ2
ð46Þ
G00ðxÞ ¼ 3
k20
Xn
k¼1
lkðC^0Þ
xzk
1þ ðxzkÞ2
ð47Þ
where the storage-modulus G0ðxÞ is the real part and the loss-mod-
ulus G00ðxÞ is the imaginary part of Eq. (45) divided by ed. These re-
sults show, that both moduli depend on the static predeformation
C^0 or k0. In the case of linear viscoelasticity, such a dependence does
not occur. The deformation-dependent stiffnesses lkðC^0Þ are de-
ﬁned as a function of the ﬁrst Invariant IC of the Right Cauchy Green
tensor
lkðC^0Þ ¼ l0;k expðakðIC  3ÞÞ; k ¼ 1::n ð48Þ1 F o r s e c o n d o r d e r t e n s o r s w e h a v e t h e r e l a t i o n s
ð1 1ÞT23A ¼ A; ð1 1ÞA ¼ trðAÞ ¼ IA  A; ðC 1ÞA ¼ trðAÞCwith the additional materialparaters ak, which can be interpreted as
shifting factors.6. Simulation results
The simulation results for the equilibrium stress response are
shown in Fig. 7. They reveal a very good matching between the
experimental data and the simulated data for all deformation
modes. The results for the dynamic material response with respect
to the predeformation- and frequency-dependent material behav-
iour also match very well in a frequency-domain over seven dec-
ades of magnitude using ten Maxwell elements (Fig. 8). The
identiﬁed static and dynamic material parameters are listed in Ta-
bles 1 and 2.7. Conclusion
The experimental investigations of a carbon ﬁlled rubber re-
vealed a signiﬁcant dependence on predeformation and frequency.
In order to describe this material behaviour we introduced a con-
stitutive approach of ﬁnite viscoelasticity and derived the dynamic
modulus tensor in the frequency-domain. Parameter identiﬁcation
and numerical simulation proved that the developed constitutive
approach is able to describe the predeformation- and frequency-
dependence with respect to storage- and loss-modulus in a very
good way. Based on the proposal of Morman and Nagtegaal
(1983) the Finite Element implementation will be done in a run-
ning project. Additionally experimental validation will be done at
compound structures of metal and rubber by taking resonance
and inertia effects into account.
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